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Group Algebra

« Let G be a group
» We can define

C|G] == Spanc (9, | g € G)

where the 0, are formal symbols
> We can define a multiplication * on G given by 0, * 05, = 9,

» We can define a linear involution operation ¢ on C[G] given by

N

by = 6,1

» We can define an inner product by

Jlifg=nh
(0g; Op) = {O else
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Group Algebra

« We note that the above inner product has the following properties.

For all f, g, h € C|G] we have that
(f*g,h) = (g, f *h)
(frg*h) = (f*g,h)
« We note that for all f, g € C|G] that

—_————

fxg=gxf
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Random Walks on Groups

 Given a group G and a finitely supported probability measure i, we
can identify i as element of the group algebra C|G] by

pi= Y u(g)s,

geG

 The [-step random walk on G is defined by

,LL*l :Lu**,%

—

!
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Random Walks on Groups

« The semantic meaning of the previous definition is the probability
distribution obtained by randomly choosing a group element via
and multiplying it to the previous measure, staring with the measure
0. and repeating this process [ many times.

 The return probability after [ steps is defined to be

pl(:“) = <:UJ*Z7 5e>

i.e, the probability that the above process returns to the identity after /
steps

. We say that f € C[G] is symmetric if f = f
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Random Walks on Groups

« For a symmetric measure p € C|[G] we have that

(!, 6.) = ('t +6,)
_ <,Ll,*l, /,L*l>
= [u*|3
« We note that if the random walk is “aperiodic”, since the only

stationary distribution of the markov process given by p is the
uniform distribution across G, we have that

I it
Jm pa (1) = 15
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Random Walks on Groups

. Given a finite symmetric set of generators S, i.e S = S~ we define
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Random Walks on Infinite Groups

 Let GG be an infinite group and let 1 be a symmetric finitely supported
measure whose support generates the group

« We know that

lim p, (u) =0

n—oo

and so the interesting question is how fast p,, (1) goes to 0
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Random Walks on Infinite Groups
 Let us look at the case of Z x Z with generators S =

{(07 1)7 (17 O)? (07 _1)7 (_17 0)}

« We have that

Pan(ps) = © (l)

n

 Let us look at the case of If, with generators S = {a,, b,a 1, b_l}
« We have that
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Cayley Graphs and Relations
 Given a group G and a symmetric generating set S we define the
Cayley Graph of a group G to be the graph Cay(G, S) := (V, FE),
where V := G and E :={(z,sz) | s€ S,z € G}
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Cayley Graphs and Relations

o The reason why p,, (1) was so different in the above two examples is
the Cayley graph. Notice how the Cayley graph of Z x Z gives ample
opportunity for a point to return to the identity, whereas the Cayley
graph of [, forces you to go back the way you came.

 Every loop starting at the identity in the Cayley graph represents a
relation in the generators. The more relations, the more you return to
the identity.

« Kesten’s theorem: Given a group 1G and a generating set S, we have
that G is amenable iff (p,, (g))?* — 1lasn — oo

- Random walks reveal group structure!
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Random Walks on Finite Groups

« In this case we know that if G does not have a subgroup of index two
and that S is symmetric then we have that p,, (ug) — ‘%' as n — oo.

o The function p = ’%;’ € C|G] is very special.
» p'p=pp*=pandVf eC[G], fxp=px*f
» We also note that for all f € C|[G]

p* f= (Zf(g))p

geG

» Therefore, f = p * f is the orthogonal projection on to the space of
“G-invariant” functions
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Random Walks on Finite Groups

o This allows to have the following decomposition
C[G]=C[G] @ C-p

where C[G]” are ¢ such that px ¢ = 0

» Set T, (f) := p * f, and note that since 4 commutes with p, T,
preserves the above decompositon

« Given a measure u we define

IA() = max{|A] | T,(¢) = Ap,p* o =0}
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Random Walks on Finite Groups
 Note that

1
pZn(MS’) o @ — <Mg2l7 5e> o <107 5e>

Wt —p,é.)

(
— <N§2l * (56 — P), 5e>
(
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More about ||

« Suppose that u * ¢ = Ap, where |A| = 1. Then by using the fact that
1 is a measure, considering the maximum value taken by ¢, we
deduce that either GG has a subgroup of index two or that ¢ = cp

 Thus if G does not have a subgroup of index two we must have that
Al(p) <1
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More about |\|(u)
« IfG =7%Z/nZ x Z/nZ with S = {(0,1),(0,—1),(1,0),(—1,0)} then

we have that
Al(us) =1—0(1/n?)

With a bit of arguing, one can show that it takes © (n?) steps to get
within € of the uniform distribution

« What is the analogue of [, in the finite group setting?
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More about |\|(u)
« IfG =7%Z/nZ x Z/nZ with S = {(0,1),(0,—1),(1,0),(—1,0)} then

we have that
Al(us) =1—0(1/n?)

With a bit of arguing, one can show that it takes © (n?) steps to get
within € of the uniform distribution

« What is the analogue of [, in the finite group setting?

 There are many options, but one is SL, (]Fp) with generating set

o= {06260 (50)
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A look at the Cayley Graphs
 Note that the smallest relation satisfied by words in S has length

O(logp)
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Infinite Families of Finite groups

o Is there an infinite family of (Group, GenSet), (G,, S,)
A|(pg) <cyg < 1lforalli e J?
» We will call such families, c,-gap families

« By a theorem of Lubotzky and Weiss, if (G,, Si)z'e , is a family of
groups of bounded solvability index, then there is no ¢, < 1 for which

., such that
1€J

they form a cy-gap family [1]
+ By Selberg’s 3/16-theorem, we can deduce that (SL, (Fp), Sp)

p€ Primes
is a cy-gap family for some ¢, < 1 [2]
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Lubtozky’s 1-2-3 problem

)

The above is a subset of SL, (R) for any ring R
 Then we know from Selberg’s 3/16 theorem that
(SL2 (Fp)’ Sl)pe Primes and (SL2 (]Fp)’ SZ)pE Primes

families for some ¢, < 1. The above capitalizes on the fact that S, S,
generate finite index subgroups of SL,(Z)

 Lubotzky’s 1-2-3 problem asks whether (SL2 (Fp), 53,29)
-gap family for some ¢y < 1 [3]

are both c4-gap

is a ¢,
pE Primes
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It was difficult

« We know for a fact that S; generates an infinite index subgroup of
SL,(Z). So how do we deal with it???

o It was proposed in 1995 and was not solved all the way till late 2005

I met Jean in September 2005, six months after my
daughter (who drew the pictures for this essay) was born,
while visiting IAS for the program ‘Lie Groups, Representa-
tions and Discrete Mathematics’ led by Alex Lubotzky. 1do
not remember the precise date but do remember the hour:
it was between 2 and 3 am. After changing my daughter’s
diapers 1 could not sleep, went to Simonyi Hall and ran
into Jean walking to the Library. It was in this discombaob-
ulated state that I was free of fear to speak to him. By dawn,
the problem which had been resisting my protracted attack
for a decade was vanquished in Jean's office.”!

Figure 1: An excerpt from Gamburd’s article “Singular adventures of
Baron Bourgain in the Labyrinth of the Continuum”
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Using special properties of SL, (Fp)
» Let G, = SL, (Fp)
« We know that since the smallest representation of SL, (Fp) is of
dimension O(p) (a result of frobenius)

« Using non-abelian fourier analysis [4] one can show that there is a

constant g, < 1 independent of p, such that for any f € C [Gp], g e
C [G ] we must have that

p
1f = glz < 1GI" | f12]912
- Without the above property, the best you can get is

1f = glz < IGIIf1Z1912
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Using special properties of SL ( )

- (Quasirandomness Trick)[4], [5] If |A| (1) = =P, with p * o = e Po.
*llogp||2 1

q0
Gz

If we can show that there eX1sts some [ such that ||u

then

6—25llogp _ |M*llogp * 90”%

IA
D)
l
S

S e H (%]

G |1~ % Gp|%/2_1

A\

—3qqn logp
~0/2 < ¢e— %

]
(3

Since |G,| < p® = €'°?_ Thus we get a lower bound on  independent
of p!
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Using special properties of SL, (]Fp)
« So the goal has now been reduced to show that | /Lf;lg |3 is small
enough after [ = O(logp) steps
« We know that since
» S; C SL,(Z) generates a free group
» The elements in | |
1< 1/6

> We get |[u*17/%; < —5
p 6
« This is some, but not nearly enough “flatness” We call this “initial

Log p S5 all have entries lesser than p, as long as

entropy”
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The Bourgain-Gamburd technique

« Okay, what if we multiplied a measure p by itseld and dont gain much
entropy, 1.e

1
| * w3 > E”M“%

o If p is uniformly distributed on the shift of an almost subgroup, a set
A C G such that

A-A- Al < K|A

then the above inequality holds

- Can we say the reverse?
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The Bourgain-Gamburd technique

« The Bourgain-Gamburd lemma says that if the inequality in the

previous slide holds, then there exists a symmetric subset A C G such
that

> K@(l)
|l KOW |l
- A A A] < KOO |4]

1
KoM A

> 4] >

" Va€ A pxji(a) >

« The proof uses Tao’s non-commutative Balog-Gowers-Szemeredi and
the dyadic pigeonhole technique
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The Bourgain-Gamburd technique

« We now ask what happens when

*llogp *llogp *llogp
s I3 < ls, =113

!G 0
« We get that there is a ©(d) almost subgroup A of size greater than
|Gp lo§3_@(5)

« (Helfgott) [6] For all ¥ > 0, 30 > 0 such that if A generates G, then
[A-A- Al > |AI.

» The above result means that the only almost subgroups in G, are

actual subgroups
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The Bourgain-Gamburd technique
e Thus there is some sugroup H < G

«l10 1
Hs, “U(H) > G |9

p

« This was proven not to be the case in [7] finite group theory; all
proper subgroups of G, have a bounded relation, but 53 has no
relation of length lesser than log p/6.

« A more elegant method relating to the algebraic geometry of SL,(—)
was developed in [8].

 Thus || (,u 53) < ¢y < 1, where ¢ is independent of p
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Can this be done for other groups?

« If we are to apply the above technique to a family of groups G, we
need two ingredients.
» (Large enough almost subgroups are groups): For all v > 0, there is
ad > 0, forall i € J, the only 0-almost subgroups of G, which are
of size at least |G,

7, are actual subgroups

» (Non-Trivial representations are large): There exists a g, such that
for all 7 € J, for all non-trivial irreducible representations p : G, —
GL(V,), we have that dim V, > |G;|%

« The above two assumptions hold for groups which look like
AlgG rp(IFq). The first requirement took quite a while (2004-2010) [9],
[10] solve and the second requirement was known since the 1970s

[11]
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Can this be done for other groups?

« Bourgain and Gamburd led the charge in finding an anlogue to the
above technique in SU(2)
« The above technique is now used in a lot of different groups!

e Since |A|(p) is such refined information, we get a lot of corollaries in
number theory due to group actions!
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A lucrative idea

[7] J. Bourgain and A. Gamburd, “Uniform expansion bounds for Cayley
graphs of,” Annals of Mathematics, pp. 625-642, 2008.

[12] R. Boutonnet, A. Ioana, and A. Golsefidy, “Local spectral gap in
simple Lie Groups and applications,” Inventiones mathematicae, vol. 208,
no. 3, 2017.

[13] J. Bourgain, A. Gamburd, and P. Sarnak, “Affine linear sieve,
expanders, and sum-product,” Inventiones mathematicae, vol. 179, no. 3,
pp. 559-644, 2010.

[14] J. Bourgain and A. Gamburd, “On the spectral gap for finitely-
generated subgroups of SU (2),” Inventiones mathematicae, vol. 171, pp.
383—-121, 2008.

Random Walks on Group Extensions 2025-06-12



A lucrative idea
[15] J. Bourgain and A. Gamburd, “A spectral gap theorem in SU.(d).,”
Journal of the European Mathematical Society (EMS Publishing), vol. 14,

no. 5, 2012.
[16] J. Bourgain and P. P. Varja, “Expansion in SL d (Z/q Z), q arbitrary,’
Inventiones mathematicae, vol. 188, pp. 151-173, 2012.

[8] A. S. Golsefidy and P. P. Varju, “Expansion in perfect groups,’
Geometric and functional analysis, vol. 22, no. 6, pp. 1832-1891, 2012.

[17] A. Golsefidy and P. Sarnak, “The affine sieve,” Journal of the
American Mathematical Society, vol. 26, no. 4, pp. 1085-1105, 2013.

2025-06-12

Random Walks on Group Extensions



A lucrative idea
[18] J. Bourgain and A. Kontorovich, “On Zaremba's conjecture,” Annals
of Mathematics, pp. 137-196, 2014.

[19] A. S. Golsefidy, “Super-approximation, II: the p-adic case and the
case of bounded powers of square-free integers.,” Journal of the
European Mathematical Society (EMS Publishing), vol. 21, no. 7, 2019.

[20] A. Mohammadi and E. Lindenstrauss, “Polynomial effective density
in quotients of H3 and H? x H?”, Inventiones Mathematicae, 2023.

Random Walks on Group Extensions 2025-06-12



The Bourgain-Gamburd mantra

« Suppose a group G is “Bourgain-Gamburdable”. Let ix be any measure

on G
» If we have that for all subgroups H of G that

’u*l log|G| (H) < e—Blog|G:H|

then we have that —log|A|(1) > ©; g Larams(c) (1) >0

where params(G) is a set of numbers only to do with the
representation theory and almost subgroups of G

 Therefore the refined information of the spectral gap, can be deduced
from the crude information of escaping subgroups

Random Walks on Group Extensions 2025-06-12



Group Actions and Homomorphims

 Given a group G acting on a set X, we can define a bilinear map
X : C|G] x C|X]| — C[X]

given by §, X4, =4,
 Given two groups G, H and a homomorphism ¢ : G — H, there is an
algebra homomorphism ¢[—| : C[G] — C|H] given by 6, = ¢,
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Affine Actions
» Let H, = SL, (IFp) andlet V, =T Let A, = SL, (]Fp) X V7, and let
Ty : A, — H, be the projection homomorphism
» Suppose that A” is a subgroup of A, such that my(A") = H,,. Then we
note that if {1} x W := A" N {1} x V, then W is an H, submodule
of V. Therefore, it is either V or {0}. Thus A’ is either all of A, or
there is a cocycle p such that

A={(g,p(9))}

Since we know that all cocycles of the above group are coboundaries,
there exists v, such that A" - v, = v,
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Bourgain-Gamburd applied to Affine Actions

 Therefore, we can expect the following theorem: Let S be a symmetric
generating set of A . We have that

—log|A|(1g) > ©,5/(1)(— log|A|(mg[ps])) (1)
« Which is exactly what was proved in in 2014, by Lindenstrauss and
Varju in [21]
« We know that A, ™ V,, by affine actions and so we can define X :

Cl4,] xCV,] = CV)]
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Bourgain-Gamburd applied to Affine Actions

» They prove that there exists an [, 8 = O (— log| Al (71'9[“8])) > 0
such that for all v € F,

e In other words, we have shown that the probability of fixing a vector

ll A
* og| ’ UOHQ < e—Blog[A H]

is very small. Since the escaping properties of the projection of ¢
onto the H, has a spectral gap, the only subgroups that g can
possible get stuck in, are exactly those subgroups which fix a vector.
Thus, by the Bourgain-Gamburd mantra we have shown Equation 1
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Direct Products
» Let G, = H, X H,, with 7w, 7 : G, — H, being the left and right
projections respectively. Let G’ be a subroup of G, such that
7.(G,), g (G,) = H,. Then, we know that if {I} x L := G’ N
{1} x H, then L is a normal subroup of H,. Thus we have that

L={I},{+I,—I},H,

On setting 7, : H, — Hp/Z(Hp), we have that, either G’ = G, or
there exists an automorphism ¢ : H,/Z(H,) — H,/Z(H,) such
that 7, X 7,(G") C Graph(p)
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Direct Products

 Therefore in [21] Lindenstrauss and Varju conjectured that if S is a
symmetric generating set of G, then we must have that

—log|A[(1s) = ©)g(1) min(—log|A|(7p [ps]), — log|Al(mg[us])) (2)

o Let us find a group action that allows us to find if we are “trapped in a
raph or not”. Define G, ~ —~2_h
g p : D Z(Hp) y

(%,Y) "y 2 = Tz(2)2m 5 (0(y) ")
« We note that (z,y) "o [ =1T1iff (my(x),m5(y)) € Graph(yp)
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Direct Products
« Can we somehow show that that there are /, 8 linearly dependent on
min(—log|A|(7y [ps]), —log|A[(mg[ks])) such that
”,Uj;*l log|G,| =, T|2 < e Plos[Gpit, ]

 Can we say that the probability of being trapped in a graph is small?
A statement like the above would immediately imply Equation 2 by
the Bourgain-Gamburd mantra
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Lindenstrauss and Varju’s technique

 Lindenstrauss and Varju used the following inequality: Let
G = H x A, where A is abelian and let ;4 € C|G|, a € C[A] with p
being a probability measure. Let Xl come from the affine action.

e There is also the linear action of H f;’ A which induces

Xy : C[H] x C[A] — C[A]
« Since for any (6,,v) € G, a € C[A]

5y Ko = (8 Wy o),
We note that

(59 X a) * (59 X a) = my(g) My (0 * )
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Lindenstrauss and Varju’s technique

» Lindenstrauss and Varju prove the following inequality

—_—————

[(p R o) (pRa)|z <

—_—————

> (0, a) (8, a)u(g)

g

o[ 1] R (v % &5

« And use it to derive information about y X — using

Tolp] Ry —
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Our Technique

. We take a group G = H x H and a homomorphism 7, : H — H,
where H = H/Z(H). Let ¢ : H — H be a homomorphism. We have

X, from before, but now we define X, as the map we get from the
action H ~ H
Tg2z=my(x)zmy(x71)

« We note that since

g

z,y)

we have that
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Our Technique
« We prove the inequality

(nR, ) * (pR, )3 < (D (6, R, o) * (5, R, a)u(g)
= |7p[1] Kg (o x )3

» And use it to derive information about u X, — using
mr ]l Ry —
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I don’t know what to name this inequality

« Our inequality follows from the following more general inequality:
Let / be a Hilbert algebra and let A, B be two subalgebras such that

|A, B] = 0. Let (£2, 1) be a measure space H andlet f: Q — A
g : () — B be square integrable. Then we have that

( / f(w)g(w)*du(w>) ( / f(w)g(w)*du(w))

2 2

F(@) f (@) dp(w) / 9(w)g(w)*dps(w)

*

IA

Q
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I don’t know what to name this inequality
« The proof is relatively simple: We set a/(wq,wy) = f(w;)" fwy)
B(wq,wy) = g(w;) g(w,) and note that

|| (teo)Ble) — () e oo )Bls) — ) e ity )

is a positive element of (. The inequality follows from taking the inner
product of the above with 1,

o In the case of the problem Lindenstrauss and Varju solved, we can
take 7 to be C and then it just becomes Cauchy-Schwarz

o In our case we take J{ to be C|G| and B to be C
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Pushing the inequality to its limit
« My thesis is based on joint work of Prof. Alireza Golsefidy and mine,

titled Random Walk on Group Extensions.

* The extremely nerfed «¢ <« <4 version of the main theorem is the
following, which encapsulates the above two theorems:

Let G = (HZ Gi) X U be a perfect algebraic group defined over Z, where
G, are quasi-simple and U are unipotent all defined over Z. Then there
exists a constant K > 0 such that for all p € Primes such that for any
measure y on G(Z/pZ), we have that

~log(|A|(n)) = K max(—log|A|(m;[u]))

where 7, : G — G, is the projection map
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Pushing the inequality to its limit

 In my opinion the above theorem will be a foundation in the field, as
it moves towards proving that all generating sets of particular group
have a spectral gap. One of the biggest problems in the field is finding
“initial entropy”, which is usually done by choosing special generating
sets.

« The above theorem should be thought of as a “result booster”; any
result about spectral gaps that you can cook up about finite simple
groups of Lie Type immediately apply towards the F, points of pertect
algebraic groups. You don’t have to waste time dealing with annoying
“x” and “X”. One can “Keep It Simple Stupid”

o It has already found uses in [22] and future work communicated to me
by Prof. Breuillard
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Future Directions of this Idea

o The analogous result for the || Z,, points of perfect algebraic

pE Primes
groups is under completion and we hope to publish it in this summer

 The ideas are analogous, but the technical details took a lot of new
ideas, both in the algebra and the analysis.

Srivatsa Srinivas Random Walks on Group Extensions 2025-06-12



Thanks for being on my committee
« I would like to thank the members of my commitee for being on my
committee
« “Solving an open problem problem using Non-Commutative Cauchy-
Schwarz” is a pipe-dream for a PhD thesis, but I would like to thank
my advisor for making it possible!
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